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Chapter 2

THEORY OF SIMPLEX
METHOD

gic«c%\’\&("— '\Fv\‘{\'? 51{- {(é}Cﬂ\(

/2?1\ Mathematical Programming Problems

A ‘mathematical programming problem is an optimization problem of finding the values of the un-

/

/ known variables z1, s, - ,x, that
/ — 5
| . A
| maximize } or minimize X1,T2,°* ,T
Q'___)( @ f(z1,22,-+ ,20) . (2.1)
subject to gi(z1, 22, -+ ,xn ) (K, =, >)bs, 1=1,2,---,m
\ where the b; are real constants and the functions f and g; are real-valued. The function f(z1, 2, - , %)
>__—iscalled the|objective function’of the problem (2.1) while the functions g;(z1, 2, - - ,,) are called

T—the [onstraints of (2.1). In vector notations, (2.1) can be written as

max or min f(x7)
subject to  g;(xT)(<, =, >)b;, 1=1,2,---,m

where x7 = (21,22, -+ , &) is the solution vector. X o

Ezample 2.1. Consider the following problem. N [legn @ J
s hared max flzy)=ay 7 A

& Sf\ \ T PN (T o \/({J

. - n
uho-Tpho [ sublectto 2®+yf=1

A classical method for solving this problem is theﬁz;grange muif'ii;lm Let
klv»&.vbé'h (u\fv‘\ L(w’yv )‘) =Ty — )\(232 + y2 - 1) Q .\\'—2:5 =2 '\_R.

OT\ b e fh—
Then differentiate’ L with respect to z,y, A and set the partial derivative to 0 we get
oL
— =y—-2\z=
£ ] z =0,
oL
— =z-2\y=0,
dy x &
OL 9 9
— = —-1=0.
= +y 0
The third equation is redundant here. The first two equations give
Y ==
20 T 2y
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which gives 22 = y2 or = £y. We find that the extrema of zy are obtained at ¢ = +y. Since
z2 4+ y? = 1 we then have z = :t% and y = :{:%. It is then easy the verify that the maximum

occurs at t =y = \/Lg and z =y == % giving f(z,y) = %

)

min max

N e

N

max

A"

——
A@symgmmming problem (LPP) is a mathematical programming problem having a linear
objective Tumction and linear constraints. Thus the general form of an LP problem is

ma}g’b;/min z=c2T1+CTa+ +CrTy, S Q AN
ro =3 = -

(\X. =% ,y\/\
; a11Z1 + - + a1 (S, =, 2)b,
pbnon vazils , P pemes— L W ] (2.2)
subject to : : ,L\N\Low

Sde

Here the constants a;;, b; and c; are assumed to be real. The constants c; are called the cost or price
coefficients of the unknowns :EJA and the vector (cl, <--,Cp !T is called the cost or price vector. ~

If in problem (2.2), all the constraints are inequality with sign < and the unknowns z; are
restricted to nonnegative values, then the form is called\gﬁgn_i@l.] Thus the canonical form of an

Am1T1 +  + amaZa (S, =, >)bm,

maxormin z=emitematoteatn 7o
| a11%1 + -+ + a1nTp < by,
| — ‘(
@ subject to \\ : X = &\‘ (23)
(iﬂl;l;ﬁféuf‘\@zm@ﬂ < bm,

“where z; >0, 1=12,---,n. &

— Qun
(If all b; > 0,{then the form is called a feasible canonical form. A - (QM; . ’[0:;\,.)\‘/\1 n
Before the simplex method can be applied to an LPP, we must first convert it into what is
known as the standard form:

S
max z=cCZ1+ -+ ChTn
11+ -+ inTn =b;, 1=1,2,---,m
subject to nH e (2.4)
z; 20, j=1,2,---,n.

Here the b; are assumed to be nonnegative. We note that the number of variables may or may not
be the same as before.

Ps
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One can always change an LPP problem into the canonical form or into the standard form by
the following procedures.

(1) If the LP as originally formulated calls for the minimization of the functional
Z="TC1T1 + Co%2 +  F Cuny

we can instead substltute the equivalent obJectlve function

maximize 2z’ = (—cl):z:l + (—cz)zg +- (_E’l)x',‘}: —z.

ii) If any variable z; is| freeli.e., not restricted to non-negative values, then it can be replaced by
i
_ i -
(@ -5 Az X209
where xL/(Q,g]) and z; = max(0, —z;) are now non-negative. We substitute :c;" —x;

for z; in the constraints and obJective function in (2.2). The problem then has (n + 1) non-

negative variables 1, - - ,a:;",mj yt Ty

(iii) If b; <0, we can multlply the i-th constraint by —1.
—

)

SE
(iv) An equality of the form E 1 GijT5 = bl‘ can be replaced by
_—:‘Tj\’ﬁ [ gy e
Za”m]<b ?d Z_a‘l] b) C(,
Jj=1 \ Jj=1 \
(v) Finally, any inequality constraint in the original formulation can be converted to equations by

the addition of non-negative variables called the slack and the surplus variables. For example,
the constraint

a;121 + -+ aipTp < b; CT
can be written as -
a;1T1 +  + QipTp -I-(EP-.E'= b; 7\[3_(,( Z o
where x,1 > 0 is a slack variable. Similarly, the constraint
@11 + -+ + ajpTp 2 bj
can be written as % -
0121 + -+ AjpTp — Tpyz = b; P =
where z,42 > 0is a surplus variable. The new variables would be assigned zero cost coefficients
in the objective function, i.e. cp4; = 0.

In matrix notations, the standard form-of-an-LPP is . - Q
T S O
Max z=c'X » Lsfieo
& subject to [Ax=b" X S« 6 ? (25)
and x>0 ?S : (2.6)

where A ism xn, bism x 1, x is n X 1 and rank (4) =

Definition 2.1. A feasible solution (FS) to an LPP is a vector x which satisfies constraints (2.5)
and (2.6). The set of all feasible solutions is called the feasible region. A feasible solution to an LPP
is said to be an optimal solution if it maximizes the objective function of the LPP. A feasible solution
to an LPP is said to be a basic feasimic solution with respect to the
linear system (2.5). If a basic feasible solution is non-degenerate, then we call it a non-degenerate
basic feasible solution.

We note that the optimal solution may not be unique, but the optimum value of the problem
should be unique. For LPP in feasible canonical form, the zero vector is always a feasible solution.
Hence the feasible region is always non-empty.
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